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What is a voting classifier?

given ) a set of K classes and a set of d voters {h; : X — y}f’:1

Majority Vote classifier (MV)

d
f(x) = ar,%en;}axz 1(hi(x) = k)
=

where 1(-) is the indicator function.
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where 1(-) is the indicator function.

To reach the right decision:

* how many voters?

Marquis de Condorcet

+ how good should they be?
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What is a voting classifier?

given ) a set of K classes and a set of d voters {h; : X — y}f’:1
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where 1(-) is the indicator function. where 0 € Ay (positive and sum to 1).



What is a voting classifier?

given ) a set of K classes and a set of d voters {h; : X — y}f’:1

Majority Vote classifier (MV) Weighted MV classifier
d d
f(x) = argmax Y _ 1(h;(x) = K) fy(x) = argmax Y _ 0;1(hj(x) = K)
key = key j=1
where 1(-) is the indicator function. where 6 € Ay (positive and sum to 1).

How to learn 67 Which guarantees on accuracy?



PAC-Bayes meets Margin Theory

1. Define Stochastic MV class
2. Bound their error via PAC-Bayes
3. Use it to bound (deterministic) MV via Margin Loss

To obtain

1. the tightest generalization bounds for MV
2. that can be optimized by gradient descent



Majority Votes - Errors

Define Wy (X, Y), weighted number of incorrect voters on (X, Y):

d
Wo(X,Y) = 0(h(X) # Y).
j=1
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Define Wy (X, Y), weighted number of incorrect voters on (X, Y):
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Majority Votes - Errors

Define Wy (X, Y), weighted number of incorrect voters on (X, Y):

d
Wo(X,Y) = 0(h(X) # Y).
j=1

In multiclass classification: [0.4 | hy(x

R(6) < P(W > 0.5).



PAC-Bayes Bounds



PAC-Bayes Framework

» Generalization bounds for several losses
» Randomised predictions using h ~ Q from posterior Q
 Fix a data-independent prior P

PAC generalization bound[See02, Mau04]
With probability > 1—4 over the sample and for all Q,

Enwq |R(h) — ﬁ(h)} <0 (\/KL(Q, P) + |Og;) |

#samples.

* bounds as objective functions to optimize the posterior



ayes bounds for MV

+ Using randomized classifier: h ~ C(0)
» Upper oracle bounds to link error of randomized classifier to error of Majority Vote
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PAC-Bayes bounds for MV

+ Using randomized classifier: h ~ C(0)
» Upper oracle bounds to link error of randomized classifier to error of Majority Vote
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PAC-Bayes bounds for MV

+ Using randomized classifier: h ~ C(0)
» Upper oracle bounds to link error of randomized classifier to error of Majority Vote
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PAC-Bayes bounds for MV

+ Using randomized classifier: h ~ C(0)
» Upper oracle bounds to link error of randomized classifier to error of Majority Vote

Binomial-law bound [sHoo, LLvT10]
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PAC-Bayes Self-bounding Algorithms on Two-Moons

d decision stumps (axis-aligned, evenly distributed)

d=16

128

d=

(a) First Order (b) Second Order (c) Binomial



PAC-Bayes Self-bounding Algorithms on Two-Moons

d decision stumps (axis-aligned, evenly distributed)

d=16

=128

d

(a) First Order (b) Second Order (c) Binomial (d) ours



Stochastic Majority Votes



Majority Vote with hyper-priors

a = [a; € R*]},, B(«) a normalization factor
Dirichlet:
1 i aj—1
0 ~D(ay,...,ay), pd)= mn(ﬁj) i

6 =[0.25, 0.50, 0.25]

h h h
h1 h> hy h> hy h>

a =[0.99, 0.99, 0.99] a =[2.00, 2.00, 2.00] a =[2.00, 1.50, 5.00]




Error: closed-form solution with Dirichlet

For a given (x, y) ~ P, let

* w = {j|hi(x) # y}, the set of indices of the base classifiers that misclassify (x, y),
» ¢ = {jlhj(x) = y}, the set of indices of the base classifiers that correctly classify (x, y).

W, follows a Beta distribution (bi-variate Dirichlet distribution)

— (1.0, 9.0)
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— (9.0, 1.0)
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Error: closed-form solution with Dirichlet

For a given (x, y) ~ P, let

* w = {j|hi(x) # y}, the set of indices of the base classifiers that misclassify (x, y),
» ¢ = {jlhj(x) = y}, the set of indices of the base classifiers that correctly classify (x, y).

Lemma
The expected error (or 01-loss) for (x, y) of the stochastic majority vote under
0 ~ D(ay,...,ay) is equal to

jec JEW

/ L(We(x,y) > 0.5)p(d0) = b5 (Z G/’ZO/) ;
o
with Iy 5(-) the regularized incomplete beta function evaluated at 0.5.

... and can be optimized by gradient descent



PAC-Bayes Bound for Stochastic MV

Theorem (Generalization bound)
with probability at least 1—¢ over samples S = {(x;, yi)~P}, of size m we have

simultaneously for any posterior p over ©:

KL(p, w) + log ( f)
/ IR(6) — R(0)|o(d6) < O

m

.. also tight bound with data-dependent prior — learning the base classifiers



Comparison with SOTA

Binary classification: M = 10 decision stumps per feature and per class
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Multiclass classification: M = 200 decision trees
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From stochastic to deterministic MV guarantees

How can we derandomize the bound?



PAC-Bayes Margin Bounds




Margin and Margin Loss

difference between correct and most heavily weighted other class

Margin * positive margin
— correct classification
Z 0; — max Z t; I _
i ()=y Y e arge margin

— confident correct classification



Margin and Margin Loss

difference between correct and most heavily weighted other class

Margin * positive margin
— correct classification
Z 0; — max Z t; I _
)=y Y iihx arge m.argm o
— confident correct classification
Margin Loss

for margin parameter v > 0

R,(0) Z P(Wy > 05+ )

R 1
R,(0) F — 3" 1(Wo(xi, y1) = 0.5+ )
i=1



Derandomization via Margin Loss

Let R(9) be the error of the MV we want to bound

Consider stochastic MV with Dirichlet posterior p = D(K0):

* 0 is the mean of p
* Kisits parameter



Derandomization via Margin Loss

Let R(9) be the error of the MV we want to bound
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* 0 is the mean of p
» K isits concentration parameter
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Forany~>0and K > 1

|R(0) — Ecop(royRy (€)| < exp(—4(K + 1)77)

thanks to Dirichlet’s aggregation property.



Derandomization via Margin Loss

Let R(9) be the error of the MV we want to bound

Consider stochastic MV with Dirichlet posterior p = D(K0):

* 0 is the mean of p
» K isits concentration parameter

Lemma
Forany~>0and K > 1

|R(0) — Ecop(royRy (€)| < exp(—4(K + 1)77)

thanks to Dirichlet’s aggregation property.

...and dimension-free



PAC-Bayes Margin Bound for Majority Votes

Theorem (Derandomized bound)
with probability at least 1—¢ over samples S = {(x;, yi)~P}, of size m we have

simultaneously for any 0:

KL(D(K9), )+|og( 2/m )
m

|R(0) — Ecp(ko) Rl <0 ( + exp(—4(K + 1)’}’2))
To tighten bound:

1. increase concentration K (but higher KL)
2. increase margin  (but larger loss)
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Comparison with other margin bounds: GZ [GZ13], BG+ [BG22]
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Results with Random Forests

Comparison with other PAC-Bayes bounds
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Results with Random Forests

Comparison with other PAC-Bayes optimizations
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Takeaways and Future Work

Randomize with Dirichlet and derandomize via margin

+ tightest bounds for MV (in most cases)
+ independent of number of voters

+ tractable training objective



Takeaways and Future Work

Randomize with Dirichlet and derandomize via margin

+ tightest bounds for MV (in most cases)
+ independent of number of voters

+ tractable training objective

Not solved yet:

1. exact bounds for multiclass classification
2. data-conditioned weighting
3. learn jointly posterior and voters
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Naive Bayes classifier

M=128
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