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We have complicated data; we want to make sense of it.



PROBABILISTIC MACHINE LEARNING/BAYESIAN STATISTICS

I Statistical methods that connect domain knowledge to data.

I Goal: A methodology that is expressive, scalable, easy to develop



Communities discovered in a 3.7M node network of U.S. Patents

[Gopalan and Blei 2013]
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Figure 5
Topics found in a corpus of 1.8 million articles from the New York Times. Modified from Hoffman et al. (2013).

a particular movie), our prediction of the rating depends on a linear combination of the user’s
embedding and the movie’s embedding. We can also use these inferred representations to find
groups of users that have similar tastes and groups of movies that are enjoyed by the same kinds
of users.

Figure 4c illustrates the graphical model. This model is closely related to a linear factor model,
except that each cell’s distribution is determined by hidden variables that depend on the cell’s row
and column. The overlapping plates show how the observations at the nth row share its embedding
wn but use different variables γm for each column. Similarly, the observations in the mth column
share its embedding γm but use different variables wn for each row. Casting matrix factorization
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Topics found in 1.8M articles from the New York Times

[Hoffman+ 2013]
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Population analysis of 2 billion genetic measurements

[Gopalan+ 2016]



Neuroscience analysis of 220 million fMRI measurements

[Manning+ 2014]
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[Ruiz+ 2020]



(a) Test e RMSE (b) Test e log likelihood

Figure 3: Scaling to massive N improves estimator performance. We compare predictive
RMSE (left) and log likelihood (right) as a function of data set size N on a held out sample
of test stars.

(a) E[⇢ | D], N = 1,000 (b) E[⇢ | D], N = 10,000

(c) E[⇢ | D], N = 100,000 (d) E[⇢ | D], N = 1,000,000

Figure 4: Slices of the posterior mean function at z = 0 for various dataset sizes. More
data leads to more accurate predictions of ⇢(·).

factor of 0.99. We measure model quality by computing root mean squared error (RMSE)

and log likelihood (LL) on a set of Ntest = 2,000 held out extinction values. Each model
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Inferring the dust map from astronomical data

[L. Anderson+ 2022]
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Figure S2: Population structure inferred from the TGP data set using the TeraStructure algorithm
at three values for the number of populations K. The visualization of the ✓’s in the Figure shows
patterns consistent with the major geographical regions. Some of the clusters identify a specific
region (e.g. red for Africa) while others represent admixture between regions (e.g. green for Eu-
ropeans and Central/South Americans). The presence of clusters that are shared between different
regions demonstrates the more continuous nature of the structure. The new cluster from K = 7 to
K = 8 matches structure differentiating between American groups. For K = 9, the new cluster is
unpopulated.
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Communities discovered in a 3.7M node network of U.S. Patents

I Customized data analysis is important to many fields.

I Probabilistic ML separates assumptions, computation, application

I Eases collaborative solutions to ML/statistics problems
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regions demonstrates the more continuous nature of the structure. The new cluster from K = 7 to
K = 8 matches structure differentiating between American groups. For K = 9, the new cluster is
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Communities discovered in a 3.7M node network of U.S. Patents

I Posterior inference is the key algorithmic problem.

I Answers the question: What does this model say about this data?

I Today: Scalable and general approaches to posterior inference
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Criticize the model

Communities discovered in a 3.7M node network of U.S. Patents

[Box, 1980; Rubin, 1984; Gelman+ 1996; Blei, 2014]



Probabilistic machine learning / Bayesian statistics

I Probabilistic model: joint distribution of hidden variables z and observations x,

p(z;x)

I Inference about the unknowns is through the posterior, the conditional distribution of
the hidden variables given the observations

p(z jx) =
p(z;x)

p(x)
:

(Note: There is no need to “be Bayesian” to calculate a posterior.)

I For most interesting models, the posterior is not tractable.
We appeal to approximate posterior inference.



Structure [Pritchard+ 2000]
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�`k � beta(a; b) k = 1 : : :K

�i � dirichletK(�) i = 1 : : :m

xi` � binomial (2;
P

k �ik�`k) ` = 1 : : :L

I A popular model for population genetics

I The data are (unphased) alleles at L locations.

I The posterior �i uncovers per-individual ancestry used, e.g., in causal adjustment.



Poisson factorization [Gopalan+ 2015]
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uik � gamma(a; b) k = 1 : : :K

vjk � gamma(c; d) i = 1 : : : n

xij � poisson (
P

k uikvjk) j = 1 : : :m

I A good model for recommendation systems

I Rows i are users ; columns j are items ; each xij is the number of clicks.

I Posterior per-row variables uncover user preferences.
Posterior per-column variables uncover item attributes (like genre)



Latent Dirichlet allocation [Blei+ 2003]
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<latexit sha1_base64="6JHOdFcyBDrFsnncctYHxcicFQ8=">AAABwnicZU/LSsNAFL1TX7W+oi7dBIvgqiRF1JUUdOGyBdMW2lAm09s6dmYSMxOhxHyBW/0Lf8i/MY1Z2PbAhcM59x7uCSLBtXGcH1LZ2Nza3qnu1vb2Dw6PrOOTrg6TmKHHQhHG/YBqFFyhZ7gR2I9ipDIQ2Atm9wu/94ax5qF6MvMIfUmnik84oyaXOmpk1Z2GU8BeJ25J6lCiPbK+h+OQJRKVYYJqPXCdyPgpjQ1nArPaMNEYUTajUxzkVFGJ2k+LRzP7IlfG9iSM81HGLtT/FymVWs9lkNmrqqTmeSXcTG79lKsoMajYkpcytsjXWS2v566WWSfdZsO9bjQ7V/XWXVm0CmdwDpfgwg204BHa4AEDhA/4hC/yQF7IK9F/qxVS3pzCEsj7L6WDfoo=</latexit>

<latexit sha1_base64="4lH+NP+Ed9MtOKcRGksqsu2L/pw=">AAABwnicZU/LSsNAFL1TX7W+oi7dBIvgqiRF1JUUdOGyBdMW2lAm09s6dmYSMxOhxHyBW/0Lf8i/MY1Z2PbAhcM59x7uCSLBtXGcH1LZ2Nza3qnu1vb2Dw6PrOOTrg6TmKHHQhHG/YBqFFyhZ7gR2I9ipDIQ2Atm9wu/94ax5qF6MvMIfUmnik84oyaXOnJk1Z2GU8BeJ25J6lCiPbK+h+OQJRKVYYJqPXCdyPgpjQ1nArPaMNEYUTajUxzkVFGJ2k+LRzP7IlfG9iSM81HGLtT/FymVWs9lkNmrqqTmeSXcTG79lKsoMajYkpcytsjXWS2v566WWSfdZsO9bjQ7V/XWXVm0CmdwDpfgwg204BHa4AEDhA/4hC/yQF7IK9F/qxVS3pzCEsj7L6Qlfok=</latexit>

�k � dirichletV (�) k = 1 : : :K

�i � dirichletK(�) i = 1 : : :m

zij � cat(�i) j = 1 : : : n

xij � cat(�zij )

I A mixed-membership model of documents, a.k.a. a topic model.

I Posterior �1:K are topics, each a distribution over the vocabulary.

I The topics reflect themes that run through the collection.



Deep generative models [Kingma and Welling 2014, Rezende+ 2014]

<latexit sha1_base64="w02W4XsE1vQBs0haHyEHO2a78yA=">AAABsHicZU/LTgJBEOzBF+Jr1aMXIxdPZJf4OhkSLx4xkUcCG9I7NjAwM7vZ6TUhG/7Biwf9M/9GxL0AdapUdXWqokQrx77/I0pb2zu7e+X9ysHh0fGJd3rWdnGWSmrJWMdpN0JHWllqsWJN3SQlNJGmTjR9+vM775Q6FdtXniUUGhxZNVQSeSG1+zwmxoFX9Wv+EpebJChIFQo0B95n/y2WmSHLUqNzvcBPOMwxZSU1zSv9zFGCcooj6i2oRUMuzJdtV8wcjXMzE22IBnm89oaHD2GubJIxWbkakHIYW3bzxY5gvfUmaddrwV3t9uWm2ngsFpXhAq7gGgK4hwY8QxNaIGECH/AF36IuumIg8P+0JIrMOaxATH4B4814nA==</latexit>

<latexit sha1_base64="rPfWBfuZ28sB/LxXF+cijWMr+w8=">AAABr3icZU+7TsNAENwLrxBeBkoahBsqy0a8KhSJhjJIOI6UGHM+1uGUu7PlOyMiK99AhQSfxt+QBDeOpxrN7Kxm4kxwbVz3l7TW1jc2t9rbnZ3dvf0D6/Cor9MiZ+izVKT5IKYaBVfoG24EDrIcqYwFBvHkfuEH75hrnqonM80wlHSseMIZNXPJ/4hKPoss23XcJU6bxKuIDRV6kfU1ek1ZIVEZJqjWQ8/NTFjS3HAmcNYZFRozyiZ0jMM5VVSiDstl2ZpZUqn1VMYNUVLztvLGJLdhyVVWGFSsHmAsSZXRix3eausm6V843rVz9Xhpd++qRW04gTM4Bw9uoAsP0AMfGHD4hG/4IR4JyDN5+T9tkSpzDDUQ/gdzUnhY</latexit><latexit sha1_base64="ri54dwkvFWFNkGob5y8MhYpW/t8=">AAABrXicZU/LTsMwEFyXVymvAEcuiF44hQTxOqFKXDgWQdpKbYgcsw1WbceKHaQS9RM4At/G3xBKLm3mNJrZWc3EWnBjPe+HNFZW19Y3mputre2d3T1n/6Bn0jxjGLBUpNkgpgYFVxhYbgUOdIZUxgL78eTuz++/YWZ4qp7sVGMoaaL4mDNqS+nxPeKR0/Zcb47jOvEr0oYK3cj5HL2kLJeoLBPUmKHvaRsWNLOcCZy1RrlBTdmEJjgsqaISTVjMqy6YBZXGTGVcEyW1r0tv7PgmLLjSuUXFFgOMjVNlzazc4S+3rpPeuetfuZcPF+3ObbWoCUdwAqfgwzV04B66EACDBD7gC77JGQnIiDz/nzZIlTmEBZDkF+yZd04=</latexit>

neural 
network

� � p(�)

zi � normalK(0; 1) i = 1 : : : n

xi � poisson(nn(zi ; �)) nn : RK ! Rm
+

I A neural network eats a latent variable to produce the observed data.

I This is a very flexible class of models of distributions p(x) =
R
p(z)p(xjz)dz.

I Inference is on neural network parameters and latent representations.



Probabilistic machine learning / Bayesian statistics

I Probabilistic model: joint distribution of hidden variables z and observations x,

p(z;x)

I Inference about the unknowns is through the posterior, the conditional distribution of
the hidden variables given the observations

p(z jx) =
p(z;x)

p(x)
:

(Note: There is no need to “be Bayesian” to calculate a posterior.)

I For most interesting models, the posterior is not tractable.
We appeal to approximate posterior inference.



Variational inference

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

I VI solves inference with optimization.
(Contrast this with MCMC.)

I Posit a variational family of distributions over the latent variables,

q(z; �)

I Fit the variational parameters � to be close (in KL) to the exact posterior.



Example: Mixture of Gaussians
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Today: Stochastic optimization makes VI better

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

I Stochastic VI scales up VI to massive data. [Hoffman+ 2013]

I Black box VI generalizes VI to a wide class of models. [Ranganath+ 2014]



Stochastic Variational Inference
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Figure S2: Population structure inferred from the TGP data set using the TeraStructure algorithm
at three values for the number of populations K. The visualization of the ✓’s in the Figure shows
patterns consistent with the major geographical regions. Some of the clusters identify a specific
region (e.g. red for Africa) while others represent admixture between regions (e.g. green for Eu-
ropeans and Central/South Americans). The presence of clusters that are shared between different
regions demonstrates the more continuous nature of the structure. The new cluster from K = 7 to
K = 8 matches structure differentiating between American groups. For K = 9, the new cluster is
unpopulated.

28

Communities discovered in a 3.7M node network of U.S. Patents

How can we scale up variational inference to massive datasets?



Conditionally conjugate models

Global variables

Local variables

ˇ

xizi
n

p(�; z;x) = p(�)

nY
i=1

p(zi; xi j�)

I The observations are x = x1:n.

I The local variables are z = z1:n.

I The global variables are �.

I The ith data point xi only depends on zi and �.

Compute p(�; z jx).



Conditionally conjugate models

Global variables

Local variables

ˇ

xizi
n

p(�; z;x) = p(�)

nY
i=1

p(zi; xi j�)

I Complete conditional:
The distribution of a latent variable given the observations and other latent variables.

I Assume each complete conditional is in an exponential family [Brown 1986; Efron 2022] ,

p(zi j�; xi) = expfam(zi ; �`(�; xi))

p(� j z;x) = expfam(� ; �g(z;x));

where expfam(z ; �) = h(z) expf�>t(z)� a(�)).



Conditionally conjugate models

Global variables

Local variables

ˇ

xizi
n

p(�; z;x) = p(�)

nY
i=1

p(zi; xi j�)

I Bayesian mixture models

I Time series models
(HMMs, linear dynamic systems)

I Factorial models

I Matrix factorization
(factor analysis, PCA, CCA)

I Dirichlet process mixtures, HDPs

I Multilevel regression
(linear, probit, Poisson)

I Stochastic block models

I Mixed-membership models
(LDA and some variants)



Variational inference

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

Minimize KL between q(�; z; �) and the posterior p(�; z jx).



The evidence lower bound

L(�) = Eq [log p(�; z;x)]| {z }
Expected complete log likelihood

� Eq [log q(�; z; �)]| {z }
Negative entropy

I KL is intractable; VI optimizes the evidence lower bound (ELBO) instead.

– It is a lower bound on log p(x).
– Maximizing the ELBO is equivalent to minimizing the KL.

I The ELBO trades off two terms.

– The first term prefers q(�) to place its mass on the MAP estimate.
– The second term encourages q(�) to be diffuse.

I Caveat: The ELBO is not convex.



Mean-field variational inference

ELBO

ˇ

xi
n

zi
n

zi

ˇ�

�i

I The form of q(�; z) defines the variational family.

I The mean-field family is fully factorized,

q(�; z ; �; �) = q(� ; �)

nY
i=1

q(zi ; �i):

I Each factor is the same family as the model’s complete conditional.

p(� j z;x) = expfam(� ; �g(z;x))

q(� ; �) = expfam(� ; �)



Mean-field variational inference

ELBO

ˇ

xi
n

zi
n

zi

ˇ�

�i

I Optimize the ELBO,

L(�; �) = Eq [log p(�; z;x)]� Eq [log q(�; z)] :

I Traditional VI uses coordinate ascent

�� = E� [�g(z;x)] ; �
�

i = E� [�`(�; xi)]

It iteratively updates each parameter [Ghahramani and Beal, 2001] .

I Notice the relationship to Gibbs sampling [Gelfand and Smith, 1990] .



Coordinate ascent variational inference

Input: data x, model p(�; z;x).

Initialize � randomly.

while not converged do

for each data point i do

Set local parameter

�i  E� [�`(�; xi)] :

end

Set global parameter

� �+
Pn

i=1 E�i
[t(Zi; xi)] :

end
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Stochastic variational inference
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I Classical VI is inefficient:

– Do some local computation for each data point.
– Aggregate these computations to re-estimate global structure.
– Repeat.

I Stochastic variational inference (SVI) scales VI to massive data.



Stochastic variational inference

GLOBAL HIDDEN STRUCTURE

Subsample
data

Infer local 
structure

Update global 
structure

MASSIVE
DATA
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Figure S2: Population structure inferred from the TGP data set using the TeraStructure algorithm
at three values for the number of populations K. The visualization of the ✓’s in the Figure shows
patterns consistent with the major geographical regions. Some of the clusters identify a specific
region (e.g. red for Africa) while others represent admixture between regions (e.g. green for Eu-
ropeans and Central/South Americans). The presence of clusters that are shared between different
regions demonstrates the more continuous nature of the structure. The new cluster from K = 7 to
K = 8 matches structure differentiating between American groups. For K = 9, the new cluster is
unpopulated.
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Stochastic optimization

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to
The Annals of Mathematical Statistics.

www.jstor.org
®

I Replace the gradient with cheaper noisy estimates [Robbins and Monro, 1951]

I Guaranteed to converge to a local optimum [Bottou, 1996]

I This algorithm has enabled modern machine learning.



Stochastic optimization

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to
The Annals of Mathematical Statistics.

www.jstor.org
®

I Use noisy gradients to update

�t+1 = �t + �tr̂� L(�t):

I Requires unbiased gradients E
h
r̂� L(�)

i
= r� L(�)

I Requires the step size sequence �t follows Robbins-Monro conditions
(Modern methods involve more sophisticated step-size schedules.)



The complete conditional of the global variable

I The complete conditional of the global variable is

p(� j z;x) = expfam(� ; �g(z;x))

�g(z;x) = �+
Pn

i=1 t(zi; xi);

where t(�; �) is a function and � is the hyperparameter to the prior.
(This is from classical theory of conjugate priors [Diaconis and Ylvisaker 1979].)

I The coordinate ascent update is

�� = �+
Pn

i=1 E�i
[t(Zi; xi)]

I For large datasets, this update is expensive.



Stochastic variational inference

I The natural gradient of the ELBO [Amari, 1998; Sato, 2001; Hoffman+ 2013] :

rnat
� L(�) =

�
�+

Pn

i=1 E��
i
[t(Zi; xi)]

�
� �:

I Construct a noisy natural gradient:

j � Uniform(1; : : : ; n)

r̂nat
� L(�) = �+ nE��

j
[t(Zj ; xj)]� �:

I It is good for stochastic optimization.

– Its expectation is the exact natural gradient (unbiased).
– It only depends on optimized parameters of one data point (cheap).



Stochastic variational inference

Input: data x, model p(�; z;x).

Initialize � randomly.
Set �t appropriately.

while not converged do

Sample j � Unif(1; : : : ; n).
Set local parameter

� E� [�`(�; xj)] :

Set intermediate global parameter

�̂ = �+ nE�[t(Zj ; xj)]:

Set global parameter

� = (1� �t)�+ �t �̂:

end



Latent Dirichlet allocation [Blei+ 2003]

<latexit sha1_base64="SQdfi5xghHVoUQrmbVJonKOEOoU=">AAABx3icZU/LTgJBEOzFF+IL9ehlIzHxRHaJQU+GxIveMJFHAhsyOzQwMq/szBLJZg/+gVf9Bn/Iv3HBPQhU0kmlqrvSFWrOjPW8H6ewtb2zu1fcLx0cHh2flE/P2kbFEcUWVVxF3ZAY5ExiyzLLsasjJCLk2AmnDwu/M8PIMCVf7FxjIMhYshGjxGZSu0+4npBBueJVvSXcTeLnpAI5moPyd3+oaCxQWsqJMT3f0zZISGQZ5Z iW+rFBTeiUjLGXUUkEmiBZfpu6V5kydEcqykZad6n+v0iIMGYuwtRdVwWxk7VwO7oLEiZ1bFHSFS+hdJFv0lJWz18vs0natapfr9aebyqN+7xoES7gEq7Bh1towCM0oQUUXuEDPuHLeXKUM3Pe/lYLTn5zDitw3n8BDv2AsA==</latexit>

<latexit sha1_base64="GT88kyreE/ersBcY/QTsTpndFYQ=">AAABy3icZU/LSsNAFL1TX7W+qi7dBIvgqiRFqispuHEjVLAPbEOZTG/boZNJyNwINWbpH7jVL/CH/BvTmoVtD1w4nHPv4R4vVNKQbf+wwsbm1vZOcbe0t39weFQ+PmmbII4EtkSggqjrcYNKamyRJIXdMELuewo73vRu7ndeMDIy0E80C9H1+VjLkRScMum5TxMkPkhkOihX7Kq9gLVOnJxUIEdzUP7uDwMR+6hJKG5Mz7FDchMekRQK01I/NhhyMeVj7GVUcx+Nmyw+Tq2LTBlaoyDKRpO1UP9fJNw3ZuZ7qbWq+pwmK+E0unETqcOYUIslLxFinm/SUlbPWS2zTtq1qlOv1h6vKo3bvGgRzuAcLsGBa2jAPTShBQI0fMAnfLEHZtgre/tbLbD85hSWwN5/ASkwgqg=</latexit>
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�k � dirichletV (�) k = 1 : : :K

�i � dirichletK(�) i = 1 : : :m

zij � cat(�i) j = 1 : : : n

xij � cat(�zij )

I A mixed-membership model of document collections, a.k.a. a topic model

I Posterior �1:K are topics, each a distribution over the vocabulary.

I The topics reflect themes that run through the collection.



Stochastic variational inference for LDA
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Figure 5
Topics found in a corpus of 1.8 million articles from the New York Times. Modified from Hoffman et al. (2013).

a particular movie), our prediction of the rating depends on a linear combination of the user’s
embedding and the movie’s embedding. We can also use these inferred representations to find
groups of users that have similar tastes and groups of movies that are enjoyed by the same kinds
of users.

Figure 4c illustrates the graphical model. This model is closely related to a linear factor model,
except that each cell’s distribution is determined by hidden variables that depend on the cell’s row
and column. The overlapping plates show how the observations at the nth row share its embedding
wn but use different variables γm for each column. Similarly, the observations in the mth column
share its embedding γm but use different variables wn for each row. Casting matrix factorization
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Topics using the HDP, found in 1.8M articles from the New York Times

[Hoffman+ 2013]



Communities discovered in a 3.7M node network of U.S. Patents

[Gopalan and Blei 2013]
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Population analysis of 2 billion genetic measurements

[Gopalan+ 2016]



Precursors and related work, especially about online EM

I A view of the EM algorithm that justifies incremental, sparse, and other variants
[Neal and Hinton 1998]

I Convergence of a stochastic approximation version of the EM algorithm
[Delyon+ 1999]

I Online model selection based on the variational Bayes
[Sato 2001]

I Unsupervised variational Bayesian learning of nonlinear models
[Honkela and Valpola 2003]

I On-line expectation-maximization algorithm for latent data models
[Cappe and Moulines 2007]

I Online EM for unsupervised models
[Liang and Klein 2009]]



SVI scales many models

Subsample
data

Infer local 
structure

Update global 
structure

I Bayesian mixture models

I Time series models
(HMMs, linear dynamic systems)

I Factorial models

I Matrix factorization
(factor analysis, PCA, CCA)

I Dirichlet process mixtures, HDPs

I Multilevel regression
(linear, probit, Poisson)

I Stochastic block models

I Mixed-membership models
(LDA and some variants)



Black Box Variational Inference
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Finally, we expand Eq. (14) in terms of the model parameters (α,β) and the variational parameters
(γ,φ). Each of the five lines below expands one of the five terms in the bound:

L(γ,φ;α,β) = logΓ
�
∑k
j=1α j

�
�

k

∑
i=1
logΓ(αi)+

k

∑
i=1

(αi�1)
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��

+
N

∑
n=1

k

∑
i=1

φni
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��

+
N

∑
n=1

k

∑
i=1

V

∑
j=1

φniw j
n logβi j

� logΓ
�
∑k
j=1 γ j

�
+

k

∑
i=1
logΓ(γi)�

k

∑
i=1

(γi�1)
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��

�
N

∑
n=1

k

∑
i=1

φni logφni,

(15)

where we have made use of Eq. (8).
In the following two sections, we show how to maximize this lower bound with respect to the

variational parameters φ and γ.

A.3.1 VARIATIONAL MULTINOMIAL

We first maximize Eq. (15) with respect to φni, the probability that the nth word is generated by
latent topic i. Observe that this is a constrained maximization since ∑k

i=1φni = 1.
We form the Lagrangian by isolating the terms which contain φni and adding the appropriate

Lagrange multipliers. Let βiv be p(wvn = 1 |zi = 1) for the appropriate v. (Recall that each wn is
a vector of size V with exactly one component equal to one; we can select the unique v such that
wvn = 1):

L[φni] = φni
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��
+φni logβiv�φni logφni+λn

�
∑k
j=1φni�1

�
,

where we have dropped the arguments of L for simplicity, and where the subscript φni denotes that
we have retained only those terms in L that are a function of φni. Taking derivatives with respect to
φni, we obtain:

∂L
∂φni

=Ψ(γi)�Ψ
�
∑k
j=1 γ j

�
+ logβiv� logφni�1+λ.

Setting this derivative to zero yields the maximizing value of the variational parameter φni (cf. Eq. 6):

φni ∝ βiv exp
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��
. (16)
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A.3.2 VARIATIONAL DIRICHLET

Next, we maximize Eq. (15) with respect to γi, the ith component of the posterior Dirichlet param-
eter. The terms containing γi are:

L[γ] =
k

∑
i=1

(αi�1)
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��
+

N

∑
n=1

φni
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��

� logΓ
�
∑k
j=1 γ j

�
+ logΓ(γi)�

k

∑
i=1

(γi�1)
�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

��
.

This simplifies to:

L[γ] =
k

∑
i=1

�
Ψ(γi)�Ψ

�
∑k
j=1 γ j

���
αi+∑N

n=1φni� γi
�
� logΓ

�
∑k
j=1 γ j

�
+ logΓ(γi).

We take the derivative with respect to γi:

∂L
∂γi

=Ψ0(γi)
�
αi+∑N

n=1φni� γi
�
�Ψ0 �∑k

j=1 γ j
� k

∑
j=1

�
α j +∑N

n=1φn j� γ j
�
.

Setting this equation to zero yields a maximum at:

γi = αi+∑N
n=1φni. (17)

Since Eq. (17) depends on the variational multinomial φ, full variational inference requires
alternating between Eqs. (16) and (17) until the bound converges.

A.4 Parameter estimation

In this final section, we consider the problem of obtaining empirical Bayes estimates of the model
parameters α and β. We solve this problem by using the variational lower bound as a surrogate
for the (intractable) marginal log likelihood, with the variational parameters φ and γ fixed to the
values found by variational inference. We then obtain (approximate) empirical Bayes estimates by
maximizing this lower bound with respect to the model parameters.

We have thus far considered the log likelihood for a single document. Given our assumption
of exchangeability for the documents, the overall log likelihood of a corpus D = {w1,w2, . . . ,wM}
is the sum of the log likelihoods for individual documents; moreover, the overall variational lower
bound is the sum of the individual variational bounds. In the remainder of this section, we abuse
notation by using L for the total variational bound, indexing the document-specific terms in the
individual bounds by d, and summing over all the documents.

Recall from Section 5.3 that our overall approach to finding empirical Bayes estimates is based
on a variational EM procedure. In the variational E-step, discussed in Appendix A.3, we maximize
the bound L(γ,φ;α,β) with respect to the variational parameters γ and φ. In the M-step, which we
describe in this section, we maximize the bound with respect to the model parameters α and β. The
overall procedure can thus be viewed as coordinate ascent in L .
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A.1 Computing E[log(θi |α)]

The need to compute the expected value of the log of a single probability component under the
Dirichlet arises repeatedly in deriving the inference and parameter estimation procedures for LDA.
This value can be easily computed from the natural parameterization of the exponential family
representation of the Dirichlet distribution.

Recall that a distribution is in the exponential family if it can be written in the form:

p(x |η) = h(x)exp
�
ηTT (x)�A(η)

 
,

where η is the natural parameter, T (x) is the sufficient statistic, and A(η) is the log of the normal-
ization factor.

We can write the Dirichlet in this form by exponentiating the log of Eq. (1):

p(θ |α) = exp
��
∑k
i=1(αi�1) logθi

�
+ logΓ

�
∑k
i=1αi

�
�∑k

i=1 logΓ(αi)
 

.

From this form, we immediately see that the natural parameter of the Dirichlet is ηi = αi� 1 and
the sufficient statistic is T (θi) = logθi. Furthermore, using the general fact that the derivative of
the log normalization factor with respect to the natural parameter is equal to the expectation of the
sufficient statistic, we obtain:

E[logθi |α] =Ψ(αi)�Ψ
�
∑k
j=1α j

�

where Ψ is the digamma function, the first derivative of the log Gamma function.

A.2 Newton-Raphson methods for a Hessian with special structure

In this section we describe a linear algorithm for the usually cubic Newton-Raphson optimization
method. This method is used for maximum likelihood estimation of the Dirichlet distribution (Ron-
ning, 1989, Minka, 2000).

The Newton-Raphson optimization technique finds a stationary point of a function by iterating:

αnew = αold�H(αold)
�1g(αold)

where H(α) and g(α) are the Hessian matrix and gradient respectively at the point α. In general,
this algorithm scales as O(N3) due to the matrix inversion.

If the Hessian matrix is of the form:

H = diag(h)+1z1T, (10)

where diag(h) is defined to be a diagonal matrix with the elements of the vector h along the diagonal,
then we can apply the matrix inversion lemma and obtain:

H�1 = diag(h)�1� diag(h)
�111Tdiag(h)�1

z�1+∑k
j=1 h

�1
j

Multiplying by the gradient, we obtain the ith component:

(H�1g)i =
gi� c
hi

1018

[from Blei+ 2003]



Black box variational inference
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I Easily use variational inference with any model; no more appendices!

I Perform inference with massive data

I No mathematical work beyond specifying the model



Nonconjugate models

Global variables

Local variables

ˇ

xizi
n

p(�; z;x) = p(�)

nY
i=1

p(zi; xi j�)

I Nonlinear time series models

I Deep latent Gaussian models

I Models with attention

I Generalized linear models

I Stochastic volatility models

I Discrete choice models

I Bayesian neural networks

I Deep exponential families

I Correlated topic models

I Sigmoid belief networks



Black box variational inference

L(�) = Eq [log p(�; z;x)]| {z }
Expected complete log likelihood

� Eq [log q(�; z; �)]| {z }
Negative entropy

The main idea behind BBVI:

I write the gradient of the ELBO as an expectation

I sample from q(�) to form a Monte Carlo estimate of the gradient

I use the MC estimate in a stochastic optimization



Black box variational inference

L(�) = Eq [log p(�; z;x)]| {z }
Expected complete log likelihood

� Eq [log q(�; z; �)]| {z }
Negative entropy

I Keep in mind the black box criteria.

I We should only need to:

– sample from q(�; z)

– evaluate things about q(�; z)

– evaluate log p(�; z;x)

I These criteria let us perform approximate inference on many models.



BBVI # 1: The score gradient

r� L = Eq(z;�)[r� log q(z; �)| {z }
score function

(log p(x; z)� log q(z; �))| {z }
instantaneous ELBO

]

I Use the score function to write the gradient as an expectation.
[Ji+ 2010; Paisley+ 2012; Wingate+ 2013; Ranganath+ 2014; Mnih+ 2014]

I Also called the likelihood ratio or REINFORCE gradient
[Glynn 1990; Williams 1992]

I Pushes � to give high probability on z with large instantaneous ELBO.



BBVI # 1: The score gradient

r� L = Eq(z;�)[r� log q(z; �)| {z }
score function

(log p(x; z)� log q(z; �))| {z }
instantaneous ELBO

]

Satisfies the black box criteria — no model-specific analysis needed.

I sample from q(z; �)

I evaluater� log q(z; �)

I evaluate log p(x; z) and log q(z)



Score-gradient black box variational inference

Input: data x, model p(z;x).

Initialize � randomly.
Set �j appropriately.

while not converged do

Take S samples from the variational distribution

z[s] � q(z; �) s = 1 : : : S

Calculate the noisy score gradient

~gt =
1

S

SX
s=1

r� log q(z[s]; �t)(log p(x; z[s])� log q(z[s]; �t))

Update the variational parameters

�t+1 = �t + �t ~gt

end



BBVI: Making it work
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MASSIVE
DATA

I Control the variance of the gradient [e.g., Paisley+ 2012; Ranganath+ 2014]

– Rao-Blackwellization, control variates, importance sampling

I Adaptive step sizes [e.g., Duchi+ 2011; Kingma and Ba 2014; Kucukelbir+ 2016]

I SVI, for massive data [Hoffman+ 2013]



Deep exponential families
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Empirical study of DEFs

I NYT and Science (about 150K documents in each, about 7K terms)

I Many models: adjusted depth, types of latents, priors, and link

I Held-out perplexity (lower is better) [Wallach+ 2009]



DEF evaluation

Model p(w) NYT Science

LDA [Blei+ 2003] 2717 1711
DocNADE [Larochelle+ 2012] 2496 1725

Sparse Gamma 100 ; 2525 1652
Sparse Gamma 100-30 � 2303 1539
Sparse Gamma 100-30-15 � 2251 1542

Sigmoid 100 ; 2343 1633
Sigmoid 100-30 N 2653 1665
Sigmoid 100-30-15 N 2507 1653

Poisson 100 ; 2590 1620
Poisson 100-30 N 2423 1560
Poisson 100-30-15 N 2416 1576
Poisson log-link 100-30 � 2288 1523
Poisson log-link 100-30-15 � 2366 1545



Neuroscience analysis of 220 million fMRI measurements

[Manning+ 2014]



BBVI #2: The reparameterization gradient

I Suppose log p(x; z) and log q(z) are differentiable with respect to z.

I Suppose the variational distribution can be written with a transformation,

� � s(�)

z = t(�; �)

! z � q(z; �):

For example,

� � Normal(0; 1)

z = �� + �

! z � Normal(�; �2):

I The variational parameters are part of the transformation.
But they are not involved in the “noise” distribution.



BBVI #2: The reparameterization gradient

r�L = Es(�)

2
64rz[log p(x; z)� log q(z; �)]| {z }

gradient of instananeous ELBO

r� t(�; �)| {z }
gradient of transformation

3
75

I This is the reparameterization gradient, another tool for BBVI.
[Glasserman 1991; Fu 2006; Kingma+ 2014; Rezende+ 2014; Titsias+ 2014]

I Can use autodifferentiation to take gradients (especially of the model)

I Can use and reuse different transformations [e.g., Naesseth+ 2017]



Black box variational inference

Input: data x, model p(z;x).

Initialize � randomly.
Set �t appropriately.

while not converged do

Take S samples from the auxillary variable

�s � s(�) s = 1 : : : S

Calculate the noisy gradient

~gt =
1

S

SX
s=1

rz[log p(x; t(�s; �n))� log q(t(�s; �n); �n)]r�t(�s; �n)

Update the variational parameters

�t+1 = �t + �t~gt

end
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Shopper on 5.7M purchases.

[Ruiz+ 2017]



Analysis of 1.7M taxi trajectories, in Stan

[Kucukelbir+ 2017]



Discussion



PROBABILISTIC MACHINE LEARNING

I ML methods that connect domain knowledge to data.

I Provides a computational methodology for analyzing data

I Goal: A methodology that is expressive, scalable, easy to develop



The probabilistic pipeline

Build a model Discover patterns

DATA

Predict & Interpret

ASSUMPTIONS &
KNOWLEDGE &

QUESTION
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Figure S2: Population structure inferred from the TGP data set using the TeraStructure algorithm
at three values for the number of populations K. The visualization of the ✓’s in the Figure shows
patterns consistent with the major geographical regions. Some of the clusters identify a specific
region (e.g. red for Africa) while others represent admixture between regions (e.g. green for Eu-
ropeans and Central/South Americans). The presence of clusters that are shared between different
regions demonstrates the more continuous nature of the structure. The new cluster from K = 7 to
K = 8 matches structure differentiating between American groups. For K = 9, the new cluster is
unpopulated.
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Communities discovered in a 3.7M node network of U.S. Patents

I Posterior inference is the key algorithmic problem.

I Answers the question: What does this model say about this data?

I VI provides scalable and general approaches to posterior inference



Stochastic optimization makes VI better

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

I Stochastic VI scales up VI to massive data.

I Black box VI generalizes VI to a wide class of models.



What classes of models can VI handle?

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

I Conditionally conjugate [Gharamani and Beal 2001; Hoffman+ 2013]

I Not ", but can differentiate the log likelihood [Kucukelbir+ 2015]

I Not ", but can calculate the log likelihood [Ranganath+ 2014]

I Not ", but can sample from the model [Ranganath+ 2017]



How can we expand the variational family?

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

I Structured variational inference [Saul and Jordan 1996; Hoffman and Blei 2015]

I Variational models [Lawrence 2001; Ranganath+ 2015; Tran+ 2015]

I Amortized inference [Kingma and Welling 2014; Rezende+ 2014]

I Sequential Monte Carlo [Naesseth+ 2018; Maddison+ 2017; Le+ 2017]



Which distance should we use? How good is it?

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

I The “inclusive” KL(pjjq) [Minka 2001; Naesseth+ 2020]

I Generalized variational inference [Knoblauch+ 2019]

I Operator variational inference [Ranganath+ 2016]

I �-variational inference [Dieng+ 2017]



Can we make the algorithm better?

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

I SVI and structured SVI [Hoffman+ 2013; Hoffman and Blei 2015]

I Stochastic gradient descent as variational inference [Mandt+ 2017]

I Adaptive rates, averaged gradients, control variates, ... [Many papers]



What is guaranteed about VI?

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

I Asymptotic normality of Gaussian approximations [Hall+ 2011]

I Risk bounds for VI [Pati+ 2017]

I Bernstein Von-Mises, model misspecification [Wang and Blei 2019, 2020]

I Convergence rates for VI [Alquier+ 2016, Zhang and Gao 2019]



How can we use VI in practice?

p.z j x/
KL.q.zI ⌫⇤/ jjp.z j x//

⌫init

⌫⇤q.zI ⌫/

I Correct for VI’s underestimates of the posterior variance [Giordano+ 2015]

I Probabilistic programming [Minka 2014, Kucukelbir+ 2016, Bingham+ 2018, others]

I Best practices for running VI robustly across many models

I How to check variational inferences
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